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Abstrat
Amodel of propagating reation fronts is given for simple autoatalyti
reations and the stability of the propagating reation fronts are studied
in several numerial experiments. The orresponding random walk simu-
lations - extending of a reent algorithm - make possible the simultaneous
treatment of moving partiles. A systemati omparison with the stan-
dard deterministi simulations highlight the advantages of the present
stohasti approah. The main favor of the random walk simulation is
that the initial perturbation has no strong eet on the stability of the
front unlike in deterministi ases.
1 Introdution
Front propagation in hemial and biohemial systems has been investigated
in several studies and the orresponding mathematial models provide us hal-
lenging problems [16℄. In ase of ertain hemial reations the propagating of
reation fronts an exhibit instabilities whih is alled shortly ngering. Typial
examples are provided by ombustion [1℄ and autoatalyti reations [2℄, [3℄ but
in a wider ontext, growth of bateria ensembles [4℄, or motion of biolms [5℄ are
frequently show similar behavior. The nature of this instabilities are desribed
in dependene of some physial parameters suh as the Rayleigh number [6℄, the
Lewis number [6℄, [7℄, the Zeldovih number [8℄ and the Damköhler number [9℄,
[10℄.
Above to the detailed experimental studies, several mathematial models of
these phenomena have been elaborated. The hief quantity to ompute here is
the onentration of the reagents whih indiate diretly the geometry of the
reation front. However, in ase of reations in the ombustion theory also the
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temperature and the veloity of the reagents should be onsidered as unknown
funtions. If the reation ours in porous media, hydrodynami instabilities
have been reported as well (see e.g. [7℄ and [9℄), where also the pressure has to be
determined. In the mathematial ontext reation fronts, the stability of whih
is investigated, are identied with travelling wave solutions of the orresponding
system of PDE's. The existene and qualitative properties of these solutions
are studied in detail for simple autoatalyti reations e.g. in [12℄ and further
generalized in [13℄. The stability of the travelling waves is usually determined
using a linear stability analysis. The main question here is to alulate a ritial
value orresponding to the above physial parameters at whih the reation
front beomes unstable. The onrete omputations lead to time onsuming
numerial problems involving the disrete level the solution of large eigenvalue
problems [10℄, where ertain parameters (desribing the shape and the veloity
of the front) have been approximated previously. Consequently, the results in
deterministi simulations may be polluted heavily with omputational errors.
In real life situations the ngering of the reation front [14℄ is evoked by
some inhomogeneities, e.g. in the temperature, in the material struture, in
the veloity eld of the reagents or in an external (eletri) eld. Therefore,
it an be useful to inorporate these utuations into the model and exeute a
orresponding Monte Carlo simulation. At the same time, we should keep the
omputational osts of the method relatively low and also, a lear orrespon-
dene has to be provided between the material parameters and the ones used in
the simulations.
In this work we are fousing to ubi autoatalyti reations in a two-
omponent system, where the stability of a planar reation front depends on the
ratio of the diusion oeients of the two speies. This phenomenon has been
observed in real experiments and the ngering of the reation front has been
reported in various hemial systems, see [2℄, [3℄ and [15℄. Based on a stohasti
approah we provide a Monte Carlo simulation for modeling the instability of
the front and we determine the ritial ratio of the diusion oeients at whih
the reation front beomes unstable. The moving reation fronts are simulated
in a three dimensional setup and their stability is studied by inorporating a
random noise in the diusion proess. We will use here a two dimensional gen-
eralization of a reent eetive algorithm [17℄, and we point out the advantages
of the stohasti simulation in the stability analysis of the reation fronts.
2 Stability of the reation front
2.1 The reation-diusion equations
We investigate a ubi autoatalyti reation whih is given with the sheme
A + 2B
k
−→ 3B.
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Supposing a standard mass ation type kinetis the evolution of the onentra-
tions a(t, x, y) and b(t, x, y) satisfy the system of partial dierential equations
∂a
∂t
= DA∇
2a− kab2,
∂b
∂t
= DB∇
2b+ kab2,
(1)
for (t, x, y) ∈ (0, T )× (0, X)× (0, Y ), where the DA and DB denote the diusion
oeients of the reatants and k refers to the reation rate oeient.
Aording to a real experiment in the iodate-arsenous aid system (see [2℄)
we use the following parameter set:
DA = DB = 2 · 10
−5
m
2
s
−1, k = 9 · 103 M−3s−1.
Corresponding to the mehanism of the reation, we rewrite (1) regarding to
the onentration bˆ(t, x, y) (whih denotes that of the free iodide ions), suh
that (1) transforms into
∂a
∂t
= 2 · 10−5∇2a− 9 · 103abˆ2,
∂bˆ
∂t
=
2 · 10−5
ν
∇2bˆ+
9 · 103
ν
abˆ2,
(2)
for the details on the mehanism we refer to [2℄. Introduing the quantities
a˜ = 1
ν
· a and b˜ = bˆ we arrive at the equation
∂a˜
∂t
= 2 · 10−5∇2a˜− 9 · 103 · a˜b˜2,
∂b˜
∂t
= D · 2 · 10−5∇2b˜+ 9 · 103 · a˜b˜2,
(3)
where D = DB
DA
= 1
ν
is the ratio of the diusion oeients. Based on the setup
of real experiments we applied the initial onditions
a˜(0, x, y) =
{
0 for x ≤ x0
0.048
ν
M for x > x0,
b˜(0, x, y) =
{
0.048 M, for x ≤ x0
0, for x > x0,
(4)
where the materials are initially separated at x = x0. At the left and the right
end of the test tube the onentrations of A and B, respetively, are kept xed
during the reation:
a˜(t,X, y) =
0.048
ν
M and b˜(t, 0, y) = 0.048 M. (5)
It is assumed also that they vanish at the other end:
a(t, 0, y) = b(t,X, y) = 0. (6)
At the rest of the boundary homogeneous Neumann boundary onditions are
applied.
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2.2 Study of the stability: a sketh of the standard ap-
proah
In the literature, the stability of the reation fronts are investigated usually
using the following steps.
• The reation front is identied with a one-dimensional travelling wave
solution of the PDE (3) with slightly modied boundary onditions: The
travelling wave (and the orresponding ODE) is dened on the whole real
axis, suh that instead of (5) and (6) the limits of the two speies are
given at innity and minus innity, respetively. For the details we refer
to [12℄.
• The travelling wave is omputed as a solution of an ODE system. Using
real parameters this system is usually sti and a speial method is required
for an aurate approximation of the solution on a ne grid. Also, the
speed of the reation front has to be determined. The analyti preditions
for this quantity exhibit a large deviation from the proper values, see [12℄.
Reently these bounds have been sharpened in [11℄.
• A Neumann type stability analysis gives the stability of the above travel-
ling wave. Here we are looking for those periodi (omplex exponential)
perturbations of the travelling wave solution whih solve the original equa-
tions. The real part of the exponents are obtained by solving an eigenvalue
problem whih ontains the approximated traveling front solution and the
propagation speed.
Aording to the previous step the eigenvalue problem should be solved on a
ne grid, whih results in a large linear system. A speial method is required to
solve these eigenvalue problems. For the algorithmi details in a more general
ontext we refer to [10℄.
2.3 Deterministi simulation
To bypass the diulties above we applied a diret, spatially two-dimensional
simulation of the dynamis of the reation front. Based on (3)-(6) we have
simulated the propagation of the reation front rst in a deterministi way. The
reation spae was disretized in a grid of 63×Ly points, where the unit distane
orresponds to 0.0625 m and Ly, the number of grid olumns may depend on
the number of time steps (see Fig. 1). In eah grid point we approximated the
reagents' onentrations.
The initial onditions orrespond to (4): in eah grid ell at the left hand side
of the grid onsisting of 63 × 5 points we have initiated the simulation with
b(0, x, y) = 0.048 M, and on the right hand side onsisting of 63×Ly − 5 points
we dene a(0, x, y) = 0.048D M. As a small perturbation, we have additionally
xed b(t, x, y) = 0.048 M of B in the middle 17 unit grids of the 6th grid olumn.
Following a method of lines tehnique, an expliit Euler method was used for the
time marhing with no-ux boundary onditions, where the Laplae operator
4
(in 2D) was approximated using a standard ve-point formula.
Investigating the stability of the reation front it has been reported in many
artiles (see e.g. [2℄, [3℄, [18℄) that there exist a ritial value Dc suh that
for D < Dc the reation front beomes unstable, while for D > Dc it remains
stable. We onrm this observation: if we set up the deterministi simulation
with D = 0.1 and D = 0.2 the initial perturbation was growing, a ngering
of the reation front evolved, while at the parameter value D = 0.3 the shape
of the reation front did not exhibit any major variation; moreover, in a long
run the perturbation has been disappeared. Therefore, using the parameter set
above and perform more runs we obtain the empirial value Dc ∼= 0.25. Note
that the magnitude of the utuations was dierent for the dierent ratio of the
diusion oeients. The result of the simulations are shown in Figures1-2.
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Figure 1: Contour lines of the onentration of B in deterministi simulations
yielding unstable reation fronts. Left: ontour lines of the onentrations at b =
0.025 ·D using the diusion oeient ratio D = 0.1 after the time steps tmax =
15000, 45000 and 75000, respetively. Right: ontour lines of the onentrations
at b = 0.025 · D using the diusion oeient ratio D = 0.2 after time steps
tmax = 15000, 45000 and 75000, respetively.
As an important output of the simulations we have also determined the
speed of the reation fronts. This quantity arises not only in the theoretial
investigations (see the explanation in 2.2 above), but also in the pratie: in
the ombustion theory the estimation of this parameter is of entral importane
[19℄. The values in our simulations are listed in Table 1.
5
0 50 100 150 200 250
0
15
30
45
60
0 15 30 45 60 0
30
60
0
0.03
0.06
 
 
Figure 2: Left: ontour lines of the deterministi simulation yielding a stable
reation front at b = 0.025 ·D using the diusion oeient ratio D = 0.3 after
time steps tmax = 15000, 45000 and 75000. Right: a three dimensional view of
the onentration prole of B orresponding to the unstable ase in Figure 1
left after 75000 time steps.
3 Stability of reation fronts using a stohasti
approah: modeling
We have applied also a stohasti model aording to the reation-diusion
system in (3)-(6). The benet of this approah is that we an inorporate
the utuations whih are present during the reation and are responsible for
the ngering in the experimental observations. Also, the random deviations
during the reations are usually muh smaller than the initial deviation in the
usual simulations. In the theory, the appliation of the Neumann type stability
analysis presumes the presene of a perturbation with an arbitrary wavelength,
Table 1: Dynamis of the motion of the reation front in the numerial simu-
lations for some values of the diusion oeient ratio D. At ertain number
of time steps the front position is given in the units of the numerial grid. The
orresponding front veloity is given in m/s.
D 0.05 0.1 0.15 0.2 0.25 0.3
veloity 7.04 · 10−5 2.64 · 10−4 6.02 · 10−4 1 · 10−3 1.4 · 10−3 2.02 · 10−3
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whih is also not realisti.
Motivated by the above aspets, we desribe here a stohasti model and
develop an eient simulation of the underlying proess using a generalization
of the Monte Carlo simulation, whih introdued reently in [17℄.
The model is a disrete stohasti one, i.e. we onsider a nite number of
partiles, whih are denoted again with a and b. These are distributed in the
subdomains of reation spae (0, X) × (0, Y ), whih is disretized again into
uniform ells.
The reation of the partiles ours in a deterministi way aording to (3):
a(t+ δt, x, y) = a(t, x, y)− δtkD · a(t, x, y)b
2(t, x, y)
b(t+ δt, x, y) = b(t, x, y) + δtkD · a(t, x, y)b
2(t, x, y),
(7)
where δt denotes the time step, kD is the disrete reation rate oeient, and
x and y denote the oordinates of the midpoints of the ells.
The diusion of the partiles takes plae aording to a symmetri random
walk, where the partiles an jump into the neighboring ell (into four diretions
denoted with the vetors (±δx, 0) and (0,±δy)) or reside at their original site.
As long as the diusion is isotropi, one an assume that δx = δy. Formally, for
all sites (x, y) we have
Pp((t + δt, x+ δx, y)|(t, x, y)) = Pp((t + δt, x− δx, y)|(t, x, y))
= Pp((t + δt, x, y + δy)|(t, x, y)) = Pp((t + δt, x, y − δy)|(t, x, y)),
(8)
where Pp(t, x, y) > 0 denotes the probability that the partile p resides in (x, y)
at time t. It is lear that the number of the partiles jumping between the
neighboring ells has a binomial distribution. Using this observation, the motion
of the partiles an be simulated simultaneously, and push more partiles into
the same diretion.
3.1 A Monte Carlo simulation
The proess was initiated by plaing 1.5·105 partiles of type B in eah grid point
in the left hand side of the grid onsisting of 63× 5 points. Into the remaining
grid points
1.5·105
ν
partiles of type A are plaed. This number of partiles
provides a good balane: we an avoid high loal onentration deviations arising
from the stohasti approah and the simulations an be exeuted within a
reasonable time. For a perfet omparison with the deterministi simulation
a small perturbation has been applied: we have additionally plaed 1.5 · 105
partiles of B in the middle 17 ells of the 6th grid olumn. Aording to the
initial onditions in (4) a number of
1.5·105
0.048
partiles orresponds to 1 M. Then
the inrease kD
1
ν
(1.5 · 105)3 in the number of partiles yields an inrease of
0.048
1.5·105
kD
1
ν
(1.5 · 105)3 M, and therefore,
0.048
1.5 · 105
kD
1
ν
(1.5 · 105)3 M = 9 · 103 ·
1
ν
0.0483 M
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suh that for a proper saling we have to hoose
kD = 9 · 10
3
0.0482
(1.5 · 105)2
≈ 9 · 103 · 10−13. (9)
Using unit time steps again we give diretly the time stepping orresponding to
(7), (8) and (9):
a(t + δt, x, y) = a(t, x, y) + δt
(
∇2da(t, x, y)− 9 · 10
−10 · b2(t, x, y)a(t, x, y)
)
,
b(t+ δt, x, y) = b(t, x, y) + δt
(
∇2db(t, x, y) + 9 · 10
−10 · b2(t, x, y)a(t, x, y)
)
.
(10)
Here ∇2d yields the disrete diusion operator given in (8) while a and b refer
to the number of partiles, whih are given in the ells at eah time step, i.e.
x ∈ {1, 2, . . . , Ly}, y ∈ {1, 2, . . . , 63} and t = 1, 2, . . . , tmax.
The disrete diusion operator ∇2d is given as a speial type of random walk
based on the global random walk algorithm in [17℄. In this proess, in eah node
a part of the partiles jumps to the neighboring nodes, and the rest remains in
the primary node. This proportion is given with rA, rB ∈ [0, 1] for the speies A
and B, respetively: in expetation ⌈(1− rA) ·N⌉ of partiles A stay in a node,
if we had there N partiles of type A originally. Similar relation holds for rB .
In the disrete level the diusion oeients DA and DB are given by
DA =
rAδ
2
x
4δt
DB =
rBδ
2
x
4δt
, (11)
see [17℄. Consequently, the hoie
rA =
2 · 10−5 · 4δt
0.06252
and rB =
D · 2 · 10−5 · 4δt
0.06252
,
on the right hand side of (10) gives the orrespondene between the parameters
in (3) and (10). If the number of the moving partiles is determined, we apply
a Monte Carlo simulation to satter the partiles into the neighboring nodes.
Using the (i, j)th entry of the random matrix, we rst alulate the number
of the partiles, whih move horizontally (the rest is pushed vertially) and we
determine the number of those, whih are moving to the right (the rest is pushed
to the left). The simulations have been exeuted using MATLAB. As behind
the reation front we have D · 150000 partiles in eah node, the ontour line
representing the reation front has been omputed at 0.5 · D · 150000. This
orresponds to the level applied in the deterministi simulations.
In the seond series of numerial experiments we did not perturb the initial
onditions, the proess was initiated by plaing 1.5 · 105 partiles of type B into
the rst ve grid olumns. This orresponds to the initially planar reation
fronts in the real experiments. This ase provides also a better experimental
study of the instability: we an trak the evolution of the reation front driven
also by the random utuations. The results of both series of simulations for
dierent values of the diusion oeient ratio D are shown in Figures 3-5.
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Figure 3: Contour lines of the onentration of B in the stohasti simulations
using the diusion oeient ratio D = 0.3. The ontour lines of the onentra-
tions are drawn at b = 0.5 ·D · 150000 after time steps tmax = 15000, 45000 and
75000, respetively. Left: small initial perturbation has been applied. Right:
the simulation without any initial perturbation.
4 Results and disussion
The stability in the stohasti ase is studied out based on the variation of
the reation front. For a true omparison between the deterministi and the
stohasti approah, we have hosen this quantity to measure the instability also
in the deterministi ase. We have applied the same type of initial perturbations:
the onentration/number of partiles at the middle 17 grid points in the 6th
grid olumn have been inreased to the level in the rst 5 grid olumns. The
variation of the position of ontour line at the level b = 0.5 ·D ·0.048 after 15000,
45000, 75000 and 90000 time steps in the deterministi ase are ompared with
the ones at b = 0.5 · D · 150000 in the stohasti ase. The summary of the
simulations for several values of the diusion oeient ratio D an be found
in Tables 2 and 3, respetively. In ase of the parameter values D = 0.15
and D = 0.2 the deterministi simulations exhibit a more intensive inrease of
the standard variation of the reation front ompared to the stohasti ones.
An interpretation of this observation is that the presene of inhomogeneities
stabilize the reation front.
Initially, in the absene of any perturbation, the standard variation of the
reation front is zero. In real life situations, in ourse of the reation this will
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Figure 4: Contour lines of the onentration of B in the stohasti simulations
using the diusion oeient ratio D = 0.2. The ontour lines of the onentra-
tions are drawn at b = 0.5 ·D · 150000 after time steps tmax = 15000, 45000 and
75000, respetively. Left: small initial perturbation has been applied. Right:
the simulation without any initial perturbation.
grow initially by random utuations [14℄. This an be perfetly modelled in
the framework of the stohasti simulations. In ase of stability this growth
is stopped or an turn into a derease, while in ase of an unstable front this
growth goes on. The variation of the reation front is shown after 15000, 45000,
75000 and 90000 time steps at several values of the diusion rate ratio D. In
ase of the deterministi simulations, it is neessary to inlude the artiial
initial perturbation given above (anyway, the planar front is only moving). The
results of the omputations for this ase are shown in Table 3. For the stohasti
simulation, the orresponding results an be found in Table 2. Similar results
without any initial perturbations are presented in Table 4. One an observe
that the initial perturbations have no signiant inuene on the growth of the
variation of the reation front: we foreast stability at the same values of D in
both stohasti ases.
To obtain an even more detailed omparison between the stability provided
by the two dierent approahes, the eet of random perturbations are inves-
tigated at a xed rate of the diusion oeients. Sine this behavior is of
interest at the interfae of the parameter sets yielding stable and unstable re-
ation fronts, we (arbitrarily) hoose suh a parameter: D = 0.17. With this
we applied several kind of initial perturbations and ompared the orresponding
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Figure 5: Contour lines of the onentration of B in the stohasti simulations
using the diusion oeient ratio D = 0.1. The ontour lines of the onentra-
tions are drawn at b = 0.5 ·D · 150000 after time steps tmax = 15000, 45000 and
75000, respetively. Left: small initial perturbation has been applied. Right:
the simulation without any initial perturbation.
standard variations in the deterministi and stohasti simulations. In all ases
we have hanged the 6th olumn of the grid as follows:
• P0: no initial perturbation has been applied.
• P1: in the middle 7 ells the number of partiles have been inreased to
1.5 · 105 in the stohasti and to 0.048 in the deterministi ase.
• P2: in the middle 17 ells the number of partiles have been inreased to
1.5 · 105 in the stohasti and to 0.048 in the deterministi ase.
• P3: in the ells from 10 to 20 and in the ones from 43 to 53 the number
of partiles have been inreased to 1.5 · 105 in the stohasti and to 0.048
in the deterministi ase.
• P4: in the middle 45 ells the number of partiles have been inreased to
1.5 · 105 in the stohasti and to 0.048 in the deterministi ase.
The results are presented in Tables 6 and 5 for the orresponding stohasti
and deterministi simulations, respetively.
The results in the tables show that the stability in ase of the deterministi
simulations (if measured using standard deviations) is rather sensitive to the
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Table 2: Standard variation of the reation front (the x oordinate of the ontour
line at the level 0.5 ·D · 150000) after 15000, 45000, 75000 and 90000 time steps
in the stohasti simulation at several values of D with the perturbation of the
entral 17 grids in the 6th grid olumn. The values have been averaged in four
independent runs. The unit in the table orresponds to 6.25 · 10−5 m.
Diusion oeient rate (D)
Time steps 0.05 0.1 0.15 0.2 0.25 0.3
15000 531 888 1055 899 739 518
45000 1067 2812 1569 1082 834 563
75000 2114 4178 1678 1124 876 620
90000 2718 4618 1723 1105 913 648
Table 3: Standard variation of the reation front (the x oordinate of the ontour
line at the level 0.5 ·D · 0.048) after 15000, 45000, 75000 and 90000 time steps
in the deterministi simulation at several values of D with the perturbation of
the entral 17 grids in the 6th grid olumn.
Diusion oeient rate (D)
Time steps 0.05 0.1 0.15 0.2 0.25 0.3
15000 488 676 869 719 663 192
45000 685 2282 2569 1842 1394 659
75000 1038 4304 4116 2950 1832 999
90000 1271 5121 4666 3312 2112 1025
initial perturbation. This an be a real barrier if the instability has to be
predited: depending on the initial perturbation (whih has to be applied in any
ase) the rate of the instability an be very dierent. Also, the orresponding
theory predits the exponential growth of the perturbations in the reation
front. In real experiments, this an hold only for a short time, the perturbations
grow afterwards only slowly. At the same time, the dierene between the
variations in Table 6 arises only from the dierent standard variation of the
initial perturbations.
In the framework of the disrete stohasti model disussed here we have
presented Monte Carlo simulations whih for ertain parameter values stabilize
the reation front in ontrast to the deterministi simulations and provide more
realisti results: the instability does not depend on the initial perturbation.
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Table 4: Standard variation of the reation front (the x oordinate of the ontour
line at the level 0.5·D ·150000) after 15000, 45000, 75000 and 90000 time steps in
the stohasti simulation at several values of D without any initial perturbation.
Diusion oeient rate (D)
Time steps 0.05 0.1 0.15 0.2 0.25 0.3
15000 14 309 655 562 452 451
45000 299 1754 1231 709 521 475
75000 837 2655 1289 760 629 484
90000 1240 2954 1316 792 643 523
Table 5: Standard variation of the position of the reation front (the x oordi-
nate of the ontour line at the level 0.5·D ·150000) after 15000, 45000, 75000 and
90000 time steps in the deterministi simulations for some initial perturbations
at D = 0.17.
Perturbation
Time steps P0 P1 P2 P3 P4
15000 0 797 810 960 655
45000 0 2371 2370 1912 1431
75000 0 3806 3667 1967 1512
90000 0 4403 3984 1943 1528
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